Abstract. Complex-valued harmonic functions that are univalent and sense-preserving in the open unit disk are widely studied. A new methodology is employed to construct subclasses of univalent harmonic mappings from a given subfamily of univalent analytic functions. The notion of harmonic Alexander integral operator is introduced. Also, the radius of convexity for certain families of harmonic functions is determined.
introduction
Let H denote the class of all complex-valued harmonic functions f in the unit disk D = {z ∈ C : |z| < 1} normalized by f (0) = 0 = f z (0) − 1 = fz(0). Such functions can be written in the form f = h +ḡ, where mapping D onto starlike, convex and close-to-convex domains, respectively, just as S * , K and C are the subclasses of S mapping D onto their respective domains.
In [19] the authors investigated the properties of functions in the subclass F 0 H ⊂ C 0 H defined by the condition |f z (z) − 1| < 1 − |fz(z)| for all z ∈ D. This subclass was closely related to the class F ⊂ C introduced by MacGregor [16] consisting of analytic functions which satisfy |f ′ (z) − 1| < 1 for z ∈ D. The authors proved that a harmonic function f = h +ḡ ∈ F 0 H if and only if the analytic functions h + ǫg belong to F for each |ǫ| = 1. Using this property, authors established the coefficient estimates, growth results, boundary behavior, convolution properties and sharp bound for radius of convexity and starlikeness for the class F 0 H . This connection between the classes F and F 0 H has motivated to give the following definition which turns out to be a simple but an effective method in construction of subclasses of univalent harmonic mappings from a given subfamily of S. Definition 1.1. Suppose that G is a subfamily of S. Denote by G 0 H the class consisting of harmonic functions f = h +ḡ for which h + ǫg ∈ G for each |ǫ| = 1, h and g being analytic functions in D. We call G Recall that convexity and starlikeness are hereditary properties for conformal mappings which do not extend to harmonic mappings (see [9] ). Chuaqui, Duren and Osgood [5] introduced the notion of fully starlike and fully convex functions that do inherit the properties of starlikeness and convexity respectively (see also [20] ). A harmonic mapping f of the unit disk D is fully convex if it maps every circle |z| = r < 1 in a one-to-one manner onto a convex curve. Such a harmonic mapping f with f (0) = 0 is fully starlike if it maps every circle |z| = r < 1 in a one-to-one manner onto a curve that bounds a domain starlike with respect to the origin. Applying Theorem 2.2(iv) and using the fact that stable starlike (resp. stable convex) mappings are fully starlike (resp. fully convex) (see [13, 20] ), we have H . Let the Taylor coefficients a n (f ) of the series of each f ∈ G satisfies |a n (f )| ≤ p(n) for n = 2, 3, . . . where p is a function of n. Then (a) The respective Taylor coefficients A n (f ) and B n (f ) of the series of h and g of each Proof. Let f = h +ḡ ∈ G 0 H . Then h + ǫg ∈ G for each |ǫ| = 1 so that |a n (h + ǫg)| ≤ p(n) for n = 2, 3, . . .. But a n (h + ǫg) = A n (f ) + ǫB n (f ) for n = 2, 3, . . ., which proves (a).
Regarding (b), suppose that f 0 = h 0 +ḡ 0 ∈ G 0 H . By the proof of part (a) it is easy to deduce that 
for each f ∈ G where P and Q are integrable functions of |z|, then each f ∈ G 0 H satisfies
In particular, the range of every function f ∈ G 0 H contains the disk
provided the limit exists.
In particular, this shows that
If Γ is the radial segment from 0 to z, then
Next, let Γ be the pre-image under f of the radial segment from 0 to f (z). Then
Proof. For necessary part, suppose that f n = h n + g n ∈ G 0 H for n = 1, 2, . . . and that f n → f uniformly on compact subsets of D. Then f is harmonic and so f = h +ḡ. It is easy to see that h n → h and g n → g locally uniformly so that h n + ǫg n → h + ǫg for each |ǫ| = 1. Since h n + ǫg n ∈ G it follows that h + ǫg ∈ G for each |ǫ| = 1 using the compactness of G.
This completes the proof.
The next theorem investigates the relation between the radius of starlikeness, convexity and close-to-convexity of the classes G and G Proof. Since G ⊂ G 0 H it suffices to show that if r 0 is the radius of starlikeness (resp. convexity and close-to-convexity) of G then f is starlike (resp. convex and close-toconvex) in |z| < r 0 for each f ∈ G 0 H . To see this, suppose that f = h +ḡ ∈ G 0 H . Then the analytic functions h + ǫg belong to the class G. Consequently the functions h + ǫg are starlike (resp. convex and close-to-convex) in |z| < r 0 . In view of Lemma 2.1, it follows that f is starlike (resp. convex and close-to-convex) in |z| < r 0 .
For analytic functions
A n z n belonging to A, their convolution (or Hadamard product) is defined as
In the harmonic case, with f = h +ḡ and F = H +Ḡ belonging to H, their harmonic convolution is defined as
Harmonic convolutions was investigated in [6, 7, 8, 10, 25] . Suppose that I and J are subclasses of H. We say that a class I is closed under convolution if I * I ⊂ I, that is, if f , g ∈ I then f * g ∈ I. Similarly, the class I is closed under convolution with members of J if I * J ⊂ I. The next theorem discusses the convolution properties of the class G 
where ±ν are square roots of ǫ. Since G is closed under convolution, it follows that
2). Considering the analytic functions
for |ǫ| = 1, we see that
Since F 1 , F 2 ∈ G and using the hypothesis, it is easy to deduce that f 1 * f 2 ∈ G 0 H . Theorem 2.9 immediately gives Corollary 2.10. Suppose that G ⊂ S is a convex set and is closed under convolution. If
In [10] , Goodloe considered the Hadamard product * of a harmonic function with an analytic function defined as follows:
where f = h +ḡ is harmonic and ϕ is analytic in D. The next theorem investigates the properties of the product * .
where H = ϕ * h and G = ϕ * g are analytic in D. Setting F = H + ǫG = ϕ * (h + ǫg) where |ǫ| = 1, we note that Proof. Firstly we will prove the necessary part. For n = 1, 2, . . ., suppose that f n ∈ G 0 H where f n = h n + g n . For ∞ n=1 t n = 1, 0 ≤ t n ≤ 1, the convex combination of f n 's may be written as
Since the class G is closed under convex combination and h n + ǫg n ∈ G for n = 1, 2, . . ., it follows that h + ǫg ∈ G. Thus f = h +ḡ ∈ G 0 H . This proves the necessary part. The sufficient part follows by using the fact that G ⊂ G 
H and f * ϕ ∈ SC 0 H ). Proof. Making use of the well-known coefficient estimates and distortion theorems for functions in the class S (see [12] ), parts (i) and (ii) follow by applying Theorems 2.5 and 2.6 respectively. Theorem 2.7 gives (iii), while (iv) follows by using [12, Chapter 13] and Theorem 2.8. Since K * S * ⊂ S * , K * K ⊂ K and K * C ⊂ C, the convolution properties are easy to deduce from Theorems 2.9(i) and 2.11.
We close this section with the following remark. 
Harmonic analogues of subclasses of S
In this section, we will determine the harmonic analogues of certain subclasses of S. Apart from results of Section 2, we will make use of the following two lemmas which are the generalization of Theorems 2.9 and 2.11. Their proof being similar are omitted. 
Suppose that I and J be subfamilies of S. Let O ⊂ A be such that f * g ∈ J for all f ∈ I and g ∈ O. Then ϕ * f ∈ J 0 H for all ϕ ∈ O and f ∈ I Denote by R the class consisting of functions f ∈ A which satisfy Re f ′ (z) > 0 for z ∈ D. By well-known Noshiro-Warschawski Theorem (see [12, Chapter 7, p . 88]), R ⊂ S. In [15] , MacGregor investigated the properties of functions in the class R. Also, it is easy to see that R is a compact family and is closed under convex combinations. However, the class R is not closed under convolutions. The analytic function
The first theorem of this section determines the harmonic analogue of the class R and discusses its properties. 
which imply that h + ǫg ∈ R and hence f ∈ G Note that Mocanu [17] independently proved that if f is a harmonic mapping in a convex domain Ω such that Re f z (z) > |fz(z)| for z ∈ Ω, then f is univalent and sense-preserving in Ω while Ponnusamy et al. [21] showed that members of R 0 H are close-to-convex in D. In [4] , Chichra introduced the class W of analytic functions f ∈ A which satisfy Re(f ′ (z) + zf ′′ (z)) > 0 for z ∈ D. He proved that the members of W are univalent in D by showing that W ⊂ R. Later R. Singh and S. Singh [28] proved that W ⊂ S * . The class W is compact and is closed under convex combination of its members. Similar to the proof of Theorem 3.3, it can be shown that the set
Remark 3.6. Since W * W ⊂ K, the convolution of each member of W 0 H with itself is convex in D by Lemma 3.1(a). However, since K is non-convex, it is not known whether W Proof. If f = h +ḡ ∈ F 0 H (G), then it is easy to see that the analytic functions F ǫ = h + ǫg (|ǫ| = 1) satisfy
The proof of the theorem now follows by using the results of [24] and applying Lemma 2.1.
